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Abstract
The Tri-Bi-Maximal pattern has been long investigated as the symmetric scenario that lies behind
the neutrino mixing matrix. It predicts a null reactor angle and hence forbids CP violation in
the lepton sector, which is in contrast to the current experimental determinations. We explore
different deviations from this pattern to restore the compatibility with the latest fits of neutrino
mixing parameters. We consider two unitary matrices to correct the symmetric pattern, each of
them is written in terms of one single angle and one complex phase, which will be constrained
by the experimental mixings and from symmetry restrictions in the mass matrix. We note that
these correction parameters would allow us to obtain simultaneous information about the Dirac
and Majorana CP phases in some specific scenarios. We show that the predicted values lead to
sharped regions for the neutrinoless double beta decay amplitude, in the selected cases, that could
be tested with forthcoming results.
1. Introduction
Neutrino oscillation phenomena are described by the Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
matrix [1, 2] which relates neutrino flavor eigenstates with mass eigenstates. The PMNS matrix is
written in the standard form in terms of three mixing angles and three CP-violating (CPV) phases,
in the case of Majorana neutrinos. Neutrino mixing angles have been determined from experimen-
tal results with a precision of a few percent [3, 4, 5, 6], where some hits for a Dirac CP phase (δCP)
different from zero have also appeared. It is expected that future neutrino experiments could help
to confirm this expectation [7]. Nevertheless, accessing Majorana phases (β1 and β2) is currently
a difficult task, where, future improvements in neutrinoless double beta decay experiments may
shed some light in this respect [8]. Neutrino mixing matrix is usually parametrized as
UPMNS =
 c12c13 s12c13 s13e
−iδCP
−s12c23 + c12s23s13eiδCP c12c23 + s12s23s13eiδCP −s23c13
−s12s23 − c12c23s13eiδCP c12s23 − c23s12s13eiδCP c23c13

×diag
[
1, e−i
β1
2 , e−i
β2
2
]
, (1)
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where, ci j and si j stand for cos θi j and sin θi j, respectively. θi j refers to the mixing angles θ12, θ13,
and θ23, whereas δCP, β1 and β2 denote the CPV phases.
Historically, the very first results on neutrino oscillations seemed to be consistent with θ13 = 0
and θ23 = pi/4. Such a particular selection allows the PMNS matrix in Eq. (1) to take the form
Uµ−τ =

c12 s12 0
−s12√
2
c12√
2
−1√
2−s12√
2
c12√
2
1√
2
 , (2)
which reflects the relation |Uµi| = |Uτi| between the second and third row, also known as a µ − τ
interchange symmetry. Such a specific form of the mixing matrix has inspired a large number of
theoretical works based on this symmetry pattern [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22, 23, 24, 25, 26, 27, 28, 29, 30]. Among the different posibilities in fixing the remaining param-
eter, the well known Tri-Bi-Maximal (TBM) pattern, where sin2 θ12 = 1/3, was also proposed [31]
according to the experimental evidence. The posbibility of generating this specific pattern from
larger flavor symmetries is also of great theoretical interest and has been investigated previously
[32, 33]. Nevertheless, as it is direct to note, such a symmetric pattern is already excluded by most
recent global fits of mixing parameters [3, 4, 5, 6].
Concerning the µ−τ symmetry, some deviations from the TBM pattern have been investigated
in order to fit the experimental results [34, 35, 36, 37, 38, 39, 40]. Parametrizations of the form
UPMNS = UT BMUCorr (3)
have been studied, with different proposals for the correction matrix UCorr. In Eq. 3, UT BM denotes
the fully symmetric TBM matrix while UCorr encodes the deviations from the symmetric pattern
that can be parameterized in different ways. For instance, it has been shown in Refs. [35, 36]
that corrections in terms of one or two orthogonal rotations can predict mixing angles within
the experimental range (3σ). In addition, a unitary correction matrix can also give important
information about the Dirac CP phase [37, 38, 39]. On the other hand, the possibility of analyzing
the Majorana case have been explored in [34, 41, 42, 43] by including additional phases in the
corrected matrix.
It has been pointed out that a correction matrix of the form in Eq. (3) does not necessarily lead
to small deviations from the µ − τ symmetry in the mass matrix even for small correction angles
[43]. As noticed in [44, 45, 46], restricting the corrections parameters to small deviations from the
symmetric mass matrix may give additional constraints on the Majorana phases. Considering this
additional restriction could help to bound the correction parameters in UCorr and hence modify the
predicted mixing parameters.
The paper is organized as follows. In Section 2 we investigate the different parametrizations
which correct the TBM mixing pattern. For the cases of interest, some analytical relations are
presented for the mixings parameters in terms of the correction parameters. In Section 3 we define
an approximate µ − τ symmetry in the mass matrix in terms of two breaking parameters. In
this respect, we also study the effects of corrections angles over the neutrino mass matrix. We
present in Section 4 our main numerical estimations of CPV phases and their phenomenological
implications on the neutrinoless double beta decay amplitude (|mee|). Finally, in Section 5, we give
our final comments and conclusions.
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2. Corrections to the TBM pattern
The recent estimations of neutrino parameters are in tension with the predictions of the TBM
mixing pattern obtained from the µ − τ symmetric matrix in Eq. (2) since it predicts θ13 = 0 and
hence CP conservation. In this section, we introduce a particular form of departing from the TBM
matrix motivated by the neediness to include CP violating phases in our description.
Let us consider in the forthcoming analysis only deviations to the TBM pattern coming from
the neutrino sector in the basis where the charged leptons are diagonal. To include CP violation
effects in our description, we should expect that such corrections can be written in terms of a
complex matrix. Let us propose the following parametrization for the correction matrix in Eq. (3)
UCorr = Ui j(φ, σ)Ukl(φ′, σ′) , (4)
where Ui j (Ukl) is a unitary matrix which depends on one rotation angle φ (φ′) and one complex
phase σ (σ′). Here i, j, k, l = 1, 2, 3, i , j and k , l. Eq. (4) incorporates two new complex
phases, which are aimed to be related to the physical Dirac and Majorana CP phases. The rotation
angles are expected to modulate the deviation from the TBM pattern and restore, if possible, the
compatibility with the experimental angles.
The matrix in Eq. (4) can be written in six different ways by considering combinations of the
following rotation matrices
U13 =
 cos φ 0 sin φ e
−iσ
0 1 0
− sin φ eiσ 0 cos φ
 , (5)
U12 =
 cos φ sin φ e
−iσ 0
− sin φ eiσ cos φ 0
0 0 1
 , (6)
and
U23 =
 1 0 00 cos φ sin φ e−iσ0 − sin φ eiσ cos φ
 . (7)
In what follows, it is convenient to notice that the angle φ, and the phase σ, should be renamed
according to the conventions in Eq. (4). In addition, it is straightforward to show that for combi-
nations of the form Ui j(0, 0)Ukl(φ′, σ′) and Ui j(φ, σ)Ukl(0, 0), we recover the case of one unitary
correction matrix that has been previously studied in [37, 38, 39, 43] and will not be considered
here. The trivial case Ui j(0, 0)Ukl(0, 0) leaves the correction matrix as the identity matrix and the
TBM pattern is then recovered.
The connection between the experimental angles in Eq. (1) and the correction parameters can
be obtained from the elements of the corrected TBM matrix (Eq. 3) through the following relations
sin2 θ12 =
| Ue2 |2
1− | Ue3 |2 , sin
2 θ23 =
| Uµ3 |2
1− | Ue3 |2 , sin
2 θ13 =| Ue3 |2 . (8)
3
On the other hand, from the Jarlskog invariant (JCP), we can relate the corrected matrix elements
with the Dirac CP phase δCP by
JCP = Im
[
Ue1Uµ2U∗e2U
∗
µ1
]
(9)
= (1 − s2θ13)
√
s2θ13s2θ12s2θ23(1 − s2θ12)(1 − s2θ23) sin δCP.
In addition, from the remaining invariants
I1 = Im
[
U2e2U
∗2
e1
]
= − cos2 θ12 cos4 θ13 sin2 θ12 sin β1
I2 = Im
[
U2e3U
∗2
e1
]
= − cos2 θ12 cos2 θ13 sin2 θ13 sin(β2 + 2δCP) , (10)
we can, besides, to link together the Majorana CP phases with the parameters in Eq. (3) and hence
with the mixing angles.
From Eqs. (8), (9) and (10), we should expect that the current fits of the mixing angles give the
major restriction over the correction parameters (φ(′), σ(′)), and that such allowed combinations,
in the most optimistic scenario, lead to well-defined regions for the CP phases. The predictions
for the Dirac phase can be directly compared with its most recent global fit, but in the case of
Majorana phases, we can only explore their combined (β1 and β2) effects through the neutrinoless
double beta decay amplitude.
3. µ − τ symmetry in the mass matrix
Going back to the µ − τ symmetric scheme of the mixing matrix (Eq. 2), we can observe
that the neutrino mass matrix obtained from Mν = Uµ−τdiag(m1,m2,m3)UTµ−τ reflects an exchange
symmetry between the µ and τ entries, i. e. |meµ| = |meτ| and mµµ = mττ, which define the structure
of a µ − τ symmetric mass matrix1. It is worth noting that any change in the form of the mixing
matrix, as in Eq. (3), will change, in consequence, the symmetric structure of the neutrino mass
matrix. As it has previously discussed [44, 47], departures from the µ − τ symmetric mass matrix
can be encoded in two breaking parameters. Therefore, we should be able to write down the
neutrino mass matrix corresponding to the corrected mixing matrix in the form
Mν = Mµ−τ + δM
(
δˆ, ˆ
)
. (11)
Here, the matrix Mµ−τ denotes the µ − τ symmetric matrix, whereas δM represent the deviations
from the symmetric patter written in terms of two breaking parameters, δˆ and ˆ. In the same way
as the experimental angles, the breaking parameters can also be obtained from the matrix elements
of Eq. (3), namely [47]
δˆ =
∑
i(UeiUτi − UeiUµi)mi∑
i UeiUµimi
,
ˆ =
∑
i(UτiUτi − UµiUµi)mi∑
i UµiUµimi
. (12)
1These relations are obtained for any µ − τ symmetric mass matrix, including the TBM limit.
4
Following the approach in Ref. [44], an approximate µ− τ symmetric mass matrix is defined if we
asked for |δˆ|, |ˆ |  1. Therefore, in our approach, the requirement of an approximate symmetry
in the mass matrix is then motivated by the necessity of implementing additional restrictions over
the parameters modulating the departures from the TBM mixing and, in consequence, to reduce
the predicted regions of the CP phases.
It is straightforward to show that the breaking parameters of Eq. (12) can be written in terms
of the correction parameters (φ(′), σ(′)) by using Eqs. (3) and (4). Within the different corrections,
we should expect that the breaking parameters depend on the combination adopted. Although the
complete expressions could be rather cumbersome, they can be directly obtained from Eq. (12) for
every parametrization. In addition, it is worth noting that the breaking parameters will also depend
on the chosen neutrino mass hierarchy. Given that the absolute masses |m1,2,3| can be expressed in
terms of the lightest neutrino mass m0, we obtain
|m2| =
√
m20 + ∆m
2
21 , |m3| =
√
m20 + |∆m231| for NH,
|m1| =
√
m20 + |∆m231| , |m2| =
√
m20 + |∆m231| + ∆m221 for IH, (13)
where, ∆m221 = m
2
2 −m21 is usually known as the solar mass scale, and ∆m231 = m23 −m21 is the atmo-
spheric mass scale. The lightest neutrino mass, m0, becomes |m1| for the normal mass hierarchy
(NH), and m3 for the inverted mass hierarchy (IH). In consequence, the expressions in Eq. (12)
could provide a direct connection between the correction parameters of the mixing matrix and the
breaking parameters of the mass matrix.
4. Numerical Analysis
In this section, we present the complete analysis of the different combinations of unitary ro-
tations for the corrected TBM matrix. For our numerical inputs, we use the results of the latest
global fit of the various neutrino oscillation experiments from [5]. In the analysis, we will con-
sider the 3σ intervals of neutrino mixing angles and the squared mass differences of both mass
hierarchies.
Let us divide our discussion in the different Ui j(φ, σ)Ukl(φ′, σ′) combinations. The results of
each case will be presented as follows: First, we give the full relations between the mixing angles,
and CP invariants, in terms of the correction parameters. Then, we present the plots which relate
the mixing angles with the CPV phases consistent with the experimental inputs. For the sake of
simplicity, we will present only those plots where would be possible to restrict the allowed values
of the CPV phases in terms of one mixing angle2. One possibility of restricting the CP phases,
even more, is to ask for small deviations from the µ − τ symmetric mass matrix [43, 46]. This
last requirement will be implemented by asking the breaking parameters in Eq. (12) (δˆ and ˆ) to
be less than 0.3. We will also include this additional restriction in each combination and will be
shown when possible. The case where one of the correction phases is fixed to zero is also analyzed.
Finally, to study the connection between the predicted phases and physical observables we also
2Plots where CP phases cannot be bounded will not be presented but will be mentioned in the discussion.
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present the plot of neutrinoless double beta decay amplitude (|mee|) versus the lightest neutrino
mass (m0) in both mass hierarchies.
4.1. Case U12U13
As a first case let us consider a correction matrix of the form U12(φ, σ)U13(φ′, σ′) in Eq. (4).
From Eq. (8), we obtain the following expressions for the mixing angles in terms of the four
correction parameters (φ(′), σ(′))
s2θ12 = −
2
(√
2cσs2φ + 2s2φ + c2φ
)
s2φ′
(
−4√2cσsφcφ − s2φ + c2φ + 3
)
− 6
s2θ13 =
1
6
s2φ′
(
−2√2cσs2φ + c2φ + 3
)
s2θ23 =
1
2s2φ′
(
−2√2cσs2φ + c2φ + 3
)
− 12
×
[
−4√3sφ′cφ′
(√
2sφc(σ′ − σ) + cσ′cφ
)
+s2φ′
(
−2√2cσs2φ + c2φ − 3
)
− 6c2φ′
]
. (14)
It is important to note that relations in Eq. (14) change depending on the particular choice of
correction matrices such that they need to be obtained in each case. Besides, the CP invariants
which give place to the CPV phases are also expressed in terms of the correction parameters,
JCP =
s2φ′
48
√
3
×
[
cφ
(
8s2φs(σ′ − 2σ) − 5sσ′
)
+
√
2(s3φs(σ′ + σ)
−3sσ′cσsφ + 5cσ′sσsφ) − 3sσ′c3φ
]
I1 = −2sφc
2φ′
9
(
s4σs3φ +
√
2sσc3φ − 3sσcσsφc2φ − √2s3σs2φcφ
)
I2 =
s2σ′s22φ′
288
×
(
−8c2σs22φ + 4√2cσ(6s2φ + s4φ) − 12c2φ + 3c4φ − 23
)
. (15)
To proceed with our analysis, we vary the correction parameters in the full (−pi, pi) range and
pick up those values consistent with the 3σ ranges of mixing angles. Then, we can substitute
the allowed values in the expressions of CP invariants of Eq. (15) and look for regions relating
CPV phases of the mixing matrix with at least one mixing angle. In Fig. 1 we present the plot
of the Dirac (δ) and Majorana (β2) phases related with sin2 θ23. It is interesting to observe that
such phases present noticeable correlations with this mixing angle and could be restricted with
an improved determination of θ23. We do not show the region of β1 since it cannot be restricted
by any of the mixings and remains arbitrary in any case. We can also see that if we ask for small
deviations from µ−τ symmetry in the mass matrix, the region of the Majorana phase is additionally
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Figure 1: Allowed region of CP phases δCP and β2 in terms of the atmospheric angle for the U12(φ, σ)U13(φ′, σ′)
combination. Gray points (blue squares) region is obtained when the restriction of small deviations in the mass matrix
is omitted (included).
restricted (blue region), while δCP remains unchanged. These regions show, for instance, that δCP
and β2 are different from zero when θ23 has the TBM value, but a value near its upper 3σ limit is
in favor of null (or small) values of these phases.
In Fig. 2 we show the relation between the three CPV phases and the mixing angle in the case
σ′ = 0. We observe in this case that it is possible to bound, indirectly, all the three CP phases
through the atmospheric angle as marked relations are obtained. From the third term in Eq. 15, it is
straightforward to show that δ and β2 are directly linked each other because of sin(β2 + 2δCP) = 0,
which can be seen in Fig. 2. The region is also slightly reduced when the condition of small
deviations in the mass matrix is impossed.
For the selection σ = 0 we obtain striking regions for the δ and β2 phases which are shown
in Fig. 3. Contrary to the previous case, β1 is fixed to zero as can be readily verify from second
expression in Eq. (15) by setting σ = 0. Finally, the present scheme forbids the inclusion of small
deviations in the mass matrix such that no regions are obtained, which is consistent with previous
studies where β1 is set to zero [46].
Neutrinoless double beta decay amplitude |mee| may serve as a possible way of testing the
above scenarios. As can be observed in Fig. 4, the predicted region for this amplitude shrinks for
a correction of the form U12(φ, σ)U13(φ′, σ′) in Eq. (3) in comparison to the one obtained from
unbounded CP phases (Eq. 1). Such a reduction can be understood from the emergent correlations
between the CP invariants given by the correction parameters. We can observe that when small
deviations from the µ − τ symmetric mass matrix are required in the general and σ′ = 0 cases,
these regions are reduced to the quasi-degenerate mass hierarchy regime, which is consistent with
previous parametrization independent analysis [44, 46]. For these last combinations, the predicted
regions of |mee| are indistinguishable between them since terms in the amplitude involving σ′ are
suppressed by contributions of the form sin2 φ ∼ 0.004 3, hence, only one plot is presented for
both cases. For the σ = 0 selection, the allowed regions are narrow as a consequence of β1 = 0.
3However, for the sake of space, complete expressions of |mee| in terms of the four correction parameters
will not be shown in the remainder sections, but could be obtained, after some algebra, from the ee entry of
Mν = UPMNS diag(m1,m2,m3)UTPMNS , with UPMNS given in Eq. (3).
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Figure 2: Same description as in Fig. 1 for the σ′ = 0 case.
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Figure 3: Same description as in Fig. 1 for the σ = 0 case.
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Figure 4: Predicted regions of |mee| for the U12(φ, σ)U13(φ′, σ′) and σ′ = 0 cases (left) and σ = 0 (right). Region
delimited by dotted red (blue) lines corresponds to the IH (NH). Magenta (cyan) solid region shows the allowed
region by the predicted CPV phases in the NH (IH). Scattered blue (red) crosses denote the allowed region when the
consideration of small breaking in the mass matrix is included in the NH (IH). Experimental limits on |mee| and m0
are taken from [48, 49, 50, 51].
In the IH we can observe that the predicted region is near the reach of 0νββ experiments such
that could be easily tested. Therefore, forthcoming bounds in |mee|, in addition to more precise
determinations of mixing angles, could help to discard some of the considered schemes.
4.2. Case U12U23
When the correction matrix in Eq. (4) takes the form U12(φ, σ)U23(φ′, σ′), the relations be-
tween mixing angles and correction parameters read
s2θ12 =
c2φ′
(√
2cσs2φ + 2s2φ + c2φ
)
3
(
1 − 13 s2φ′
(
s2σc2φ +
(
cσcφ +
√
2sφ
)2))
s2θ13 = −16 s
2φ′
(
−2√2cσs2φ + c2φ − 3
)
s2θ23 =
1
2s2φ′
(
−2√2cσs2φ + c2φ − 3
)
+ 12
×
[
4
√
3sφ′cφ′
(
sφc(σ + σ′) − √2cσ′cφ
)
+s2φ′
(
−2√2cσs2φ + c2φ + 3
)
+ 6c2φ′
]
, (16)
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Figure 5: Same description as in Fig. 1 for the U12(φ, σ)U23(φ′, σ′) case.
while the CP invariats are of the form
JCP = − s2φ
′
48
√
3
×
[
sσcσ′(s3φ − 7sφ) − √2cφ(s(2σ + σ′) − 4sσ′)
+cσsσ′(5s3φ − 3sφ) + √2c3φs(2σ + σ′)
]
I1 = −29c
2φ′sφ
×
(
s4σs3φ +
√
2sσc3φ − 3sσcσsφc2φ − √2s3σs2φcφ
)
I2 =
1
72
s2φ′
[
8c2(σ + σ′)
(√
2sσs2φ + 2s2σc2φ
)
−s2(σ + σ′)
(
4c2σ(c4φ + 3) + 4
√
2cσs4φ + 3c4φ − 3
)]
. (17)
In Fig. 5, we plot the δCP and β2 phases related to the sin2 θ23. Sharpness of δCP is understood
from the smallness of θ13 since both are linked via the parameter φ′, as can be checked from Eqs.
(16) and (17). There is no visible corelation between β1 and the mixing angles since no major
restrictions are imposed over φ. Also, this combination is not compatible with the requierement of
small departures from µ − τ symmetry in the mass matrix.
For σ = 0, β1 is fixed to zero, as can be seen from I1 in Eq. (17). Regions for δCP and β2 are
shown in Fig. 6, they are different from zero in the full range of sin2 θ23 and are strongly linked to
this mixing angle.
For the selection σ′ = 0, no regions compatible with experimental neutrino mixings were
obtained such that this scenario is totally ruled out.
Regions of the neutrinoless double beta decay amplitude are shown in Fig. 7 for the general
case U12(φ, σ)U23(φ′, σ′) and σ = 0. Predicted regions are marked for σ = 0 given the sharp
values of the CP phases obtained in this case.
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Figure 6: Same description as in Fig. 1 for the case σ = 0.
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Figure 7: Same description as in Fig. 4 but for U12(φ, σ)U23(φ′, σ′) (left) and σ = 0 (right).
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4.3. Case U13U12
The expressions of the mixing angles in terms of the correction parameters for the combination
U13(φ, σ)U12(φ′, σ′) are given by
s2θ12 =
√
2cσ′s2φ′cφ + s2φ′c2φ + 1
c2φ + 2
s2θ13 =
2s2φ
3
s2θ23 =
1
2
 √3cσs2φc2φ + 2 + 1
 . (18)
From the second term in Eq. (18) we should expect that the φ parameter be restricted to small
values because of the reactor angle (θ13), which also leads to small deviations of the atmospheric
angle from its maximal value θ23 ∼ pi/4. On the contrary, the correction parameter φ′ is less
restricted since it is only related to the solar angle. For the CPV phases, one has the expressions
JCP =
√
2s2φ′ (sσcσ′(sφ − s3φ) + 2cσsσ′s3φ) − 4sσc2φ′s2φ
24
√
3
I1 = − sσ
′sφ′
9
[
8cσ′c2σ′s3φ′c2φ + cσ′sφ′c2φ′(−4c2φ + c4φ − 3)
− √2s2φ′cφ′(2c2σ′ + 1)(cφ + c3φ) + √2c3φ′(cφ + c3φ)
]
I2 = −2s
2φ
9
[
2sσcσ(−2√2cσ′sφ′cφ′cφ + c2σ′s2φ′ + 2c2φ′c2φ)
+c2σ(s2σ′s2φ′ − √2sσ′s2φ′cφ)
]
. (19)
The allowed regions of the CPV phases for the combination U13(φ, σ)U12(φ′, σ′) are shown in
Fig. 8. In this case, given the relations of the correction parameters with the mixing angles (see
Eq. 18), it is not possible to restrict the CP phases by means of a mixing angle, such that they
remain free. However, by including the restriction of small deviations in the mass matrix, it is
possible to restrict the allowed values of such phases in terms of the atmospheric angle. Despite
the marked region of the phases obtained by including this last restriction, such predictions are
in tension with recent suggestions of a Dirac phase different from zero [5] and could be ruled out
with forthcoming results.
In the specific case σ = 0, we observe in Fig. 9 that δCP and β2 can be related to the at-
mospheric angle. These phases can take values different from zero in a window near the central
value, sin2 θ23 ∼ 0.5, which is supported by global analysis; but they are in favor of small (or null)
phases for values of an atmospheric angle at the end of its 3σ range. On the other hand, given
the dependence of I1 on the phase σ′, which is no further restricted by the solar angle relation of
Eq. (18), the phase β1 remains free and cannot be bounded in the present case. This case is not
compatible with the requirement of small deviations in the mass matrix.
The σ′ = 0 does not give allowed regions for mixings and CP phases. This can be easily
verified by noting that the solar angle obtained from Eq. (18), sin2 θ12 ∼ 12 (1 + sin2 φ′), is always
out of its allowed range for any given value of φ′ in both mass orderings.
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Figure 8: Same description as in Fig. 1 for the U13(φ, σ)U12(φ′, σ′) case.
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Figure 9: Same description as in Fig. 1 for the σ = 0.
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Figure 10: Same description as in Fig. 4 but for U13(φ, σ)U12(φ′, σ′) (left) and σ = 0 (right).
The predicted values of mee are shown in Fig. 10. Given that the CP phases cannot be bounded
in the U13(φ, σ)U12(φ′, σ′) case, mee runs over the full available regions of the mass hierarchies.
However, these regions are limited to the quasi-degenerate regime when the restriction of small
deviations in the mass matrix is included. In the case of σ = 0 , despite β1 remains unbounded,
well-defined regions are obtained for mee given the sharpness of δ and β2 in Fig. 9.
4.4. Case U13U23
Let us now consider the U13(φ, σ)U23(φ′, σ′) case. The expressions relating the mixing angles
with the correction parameters are given in this case by
s2θ12 =
√
2s2φ′sφc(σ − σ′) + s2φ′c2φ − 1√
2s2φ′sφc(σ − σ′) − c2φ′c2φ − 2
s2θ13 =
1
3
[√
2s2φ′sφc(σ − σ′) − c2φ′c2φ + 1
]
s2θ23 =
1
2
 √3cσc2φ′s2φ − √6cσ′s2φ′cφ−√2s2φ′sφc(σ − σ′) + c2φ′c2φ + 2 + 1
 . (20)
The CP invariants can be expressed as
JCP =
cφ
24
√
3
×
[√
2s2φ′
(
−2s2φs(2σ − σ′) − 3sσ′c2φ + sσ′
)
− 8sσc2φ′sφ
]
I1 =
4
9
sφ′sφc2φs(σ − σ′)
[√
2cφ′ − 2sφ′sφc(σ − σ′)
]
I2 = −4c
2φ
9
[
s2φ′sφs(σ + σ′)√
2
+ s2σc2φ′s2φ + sσ′cσ′s2φ′
]
. (21)
From Eqs. (20) and (21) we observed that the present combination leads to a set of relations
in which each mixing and CP invariant is related to the four correction parameters contrary to
previous cases where it was possible to link, almost directly, one of the correction angles with
one experimental angle. As a consequence, in the general case (totally free parameters) of this
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Figure 11: Same description as in Fig. 1 but for σ′ = 0.
combination, no bounded regions for the predicted CP phases were obtained, hence the plots are
not shown.
In Fig. 11 we show the bounded regions of the CPV phases related to the θ12 angle for the
selection σ′ = 0. We can observed that values of sin2 θ12 ∼ 0.3 are in favour of null CP phases,
which would be in tension with the current determinations of δCP, but for values of sin2 θ12 & 0.33
the compatibility is restored, although this would leave the Majorana phases undetermined.
For the σ = 0 case, we show the regions of the CPV phases in terms of the θ12 angle in Fig. 12.
Opposite to the previous considerations, values of the solar angle near its lower 3σ limit suggest
values for δCP and β2 different from zero with β1 undetermined, but for values near the upper limit,
all the CP phases tend to small values.
Although no major bounded regions were obtained for the Majorana phases in the present
cases, more precise measurements of the solar angle would help discriminating some of these
scenarios via the Dirac phase. In addition, none of these cases was compatible with the requirement
of small deviations in the mass matrix.
In Fig. 13, we show the predicted region of mee for both mass hierarchies. No visible differ-
ences were found between the three analysed cases, U13(φ, σ)U23(φ′, σ′), σ = 0, and σ′ = 0, but
sharp regions were obtained. For reference, we show only one plot which is valid for the three
cases.
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Figure 12: Same description as in Fig. 1 for the case σ = 0.
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Figure 13: Same description as in Fig. 4 but for the cases U13(φ, σ)U23(φ′, σ′), σ = 0, and σ′ = 0.
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Figure 14: Same description as in Fig. 1 for σ′ = 0.
4.5. Case U23U12
The relations of the correction parameters in the case U23(φ, σ)U12(φ′, σ′) are given by
s2θ12 = −
√
2cσ′cφs2φ′ + c2φc2φ′ + 2s2φ′
s2φ − 3
s2θ13 =
s2φ
3
s2θ23 =
1
2
−
√
6cσs2φ
c2φ + 5
, (22)
and the CP invariants are
JCP =
1
48
√
3
×
[
s2φ′
(
cσ′sσ(s3φ − 7sφ) + sσ′cσ(5s3φ − 3sφ)) − 4√2sσs2φc2φ′]
I1 =
1
9
sσ′sφ′
×
[
−8cσ′c2σ′c2φs3φ′ − 2cσ′sφ′c2φ′
(
c4φ − 8c2φ + 4
)
−5cφ − c3φ
2
√
2
(
−4c2σ′s2φ′cφ′ + cφ′ + c3φ′
)]
I2 = − s
2φ
9
[
cφ
(
cφs2φ′s2(σ′ + σ) − √2s2φ′s(σ′ + 2σ)
)
+ 2s2σc2φ′
]
. (23)
From Eq. (22) we observe that the φ angle is directly restricted by the reactor angle and that restric-
tions onσ(′) are only due to the atmospheric (solar) angle. In the general case, U23(φ, σ)U12(φ′, σ′),
the experimental mixing angles are fully reproduced by the correction parameters without visible
restrictions on the CP phases, such that the plots are not shown.
For σ = 0, no regions were obtained. This can be verified by noting that in this case φ ∼ 0.25,
given the restrictions coming from the reactor angle in Eq. (22), which always leads to a value of
the atmospheric angle out of the 3σ range.
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Figure 15: Same description as in Fig. 4 but for σ′ = 0.
In the σ′ = 0 selection, β1 is fixed to zero given that I1 = 0. The regions for δCP and β2 in terms
of the atmospheric angle are shown in Fig. 14. The sharp regions obtained in this case suggest
values of δCP and β2 different from zero for the full range of the experimental mixing, which could
be additionally bounded with most precise determinations of the atmospheric angle. No further
restrictions can be imposed to the cases of the present section as they are not compatible with the
requirement of small µ − τ breaking in the mass matrix.
In Fig. 15, we show the predictions of mee for the case σ′ = 0. Sharp regions can be observed
for both mass hierarchies, which is understood given the very limited values of the CP phases in
this combination. On the other hand, for the general case, U23(φ, σ)U12(φ′, σ), no differences were
observed compared to the case of free CP phases, hence the plot is not shown.
4.6. Case U23U13
Our last case of interest is the U23(φ, σ)U13(φ′, σ′) combination. The experimental angles can
be related to the corrections parameters by
s2θ12 =
[
1
2
sec2 φ
(
−2√2sφs2φ′c(σ′ − σ) + c2φ′ + 3
)
+ c2φ′
]−1
s2θ13 =
1
3
[√
2sφs2φ′c(σ′ − σ) + s2φc2φ′ + 2s2φ′
]
s2θ23 = −3
[√
2sφs2φ′c(σ′ − σ) + s2φc2φ′ + 2s2φ′ − 3
]−1(cσ′sφ′√
6
− cσsφcφ
′
√
3
+
cφcφ′√
2
)2
+
(
sσsφcφ′√
3
− sσ
′sφ′√
6
)2 . (24)
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Figure 16: Same description as in Fig. 1 for the U23(φ, σ)U13(φ′, σ′) case.
The CP invariants which lead to the relations between the correction parameters and the CPV
phases are given in this case by
JCP = − 1
24
√
3
[
cφs2φ′
(
−4s2φs(σ′ − 2σ) + 3sσ′c2φ + sσ′
)
+ 2
√
2sσs2φc2φ′
]
I1 =
2
9
sφc2φsφ′s(σ′ − σ)
[√
2cφ′ − sφsφ′c(σ′ − σ)
]
I2 =
1
36
[
−8s2φs4φ′s(4σ′ − 2σ) − 2√2(5sφ + s3φ)sφ′c3φ′s(σ′ + σ)
+2
√
2(5sφ + s3φ)s3φ′cφ′s(3σ′ − σ)
−1
8
s2σ′s22φ′ (28c2φ + c4φ + 3) − 8s2σs2φc4φ′
]
. (25)
As it was noted in the U13U23 case (see Sec. 4.4), no major restrictions can be imposed over the
correction parameters as each mixing angle in Eq. (24) depends on the four correction parameters;
which explains why no bounded regions for δCP and β2 were obtained in the general (free param-
eters) case. On the other hand, because of the suppression by the constant factor and the phase
cancellations in I1 (see Eq. 25), the Majorana phase β1 is restricted to small values. In Fig. 16 we
show the allowed region of β1 in terms of the solar angle. Furthermore, such combination is not
compatible with perturbative deviations in the µ−τ symmetric mass matrix such that no additional
restrictions can be imposed on the CP phases.
In Fig. 17 we show the relation between the CP phases and sin2 θ12 for the case σ = 0. We
can observe that β1 remains restricted to almost null values in the full range of sin2 θ12, while δCP
and β2 are restricted to small values only for the lower range of sin2 θ12. For values of sin2 θ12 &
0.336, δCP and β2 are almost undetermined, which make this scenario difficult to test.
In the case σ′ = 0, we show the plots of the allowed CP phases in terms of the solar angle
in Fig. 18. Although β1 remains small in this case, values for δCP and β2 different from zero are
allowed in almost the full range of sin2 θ12.
We show in Fig. 19 the predicted regions of mee for the three cases of interest. In these cases,
smallness of β1 seems to dominate the behaviour of mee, which supports the similarities between
both plots in Fig. 19. Only a slightly reduction is observed in the region of the NH for σ = 0
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Figure 17: Same description as in Fig. 1 for σ = 0.
and σ′ = 0, mainly due to the reduction in the allowed values of β1 caused by these selections.
No visible differences were observed for these cases such that only one plot is presented for both
combinations.
5. Summary
Although an exact Tri-Bi-Maximal pattern is not consistent with current determinations of
neutrino mixing parameters, some deviations can be implemented to restore their compatibility.
We have shown that two unitary rotations can be considered as correction matrices to the TBM
pattern to obtain a mixing matrix consistent with the global fits, and in some cases, to predict
specific regions for Dirac and Majorana CP phases.
Corrected TBM matrices of the form UT BMUi j(φ, σ)Ulm(φ′, σ′) were analysed. The four intro-
duced parameters were varied to match the neutrino mixings up to 3σ. These parameters were then
related to the CP invariants of the neutrino mixing matrix, which allowed to restrict the CP phases
to specific regions in terms of one mixing angle. We found that the six combinations U12U13,
U12U23, U13U12, U13U23, U23U12, and U23U13 present at least one particular case where the three
CP phases could be determined via one experimental angle. Future improvements in the determi-
nations of the mixing angles, and an independent determination of the Dirac CP phase, could help
to discriminate some of these scenarios.
Plots for |mee| were presented for the various combinations, some of them showed narrow
regions in both neutrino mass hierarchies. Some predictions for the IH are very sharp and near the
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Figure 18: Same description as in Fig. 1 for σ′ = 0.
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Figure 19: Same description as in Fig. 4 but for U23(φ, σ)U13(φ′, σ′) (left), and σ(′) = 0 (right).
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reach of 0νββ experiments, allowing the possibility of being readily ruled out with forthcoming
results.
Concerning the µ − τ symmetry in the mass matrix, we found that only the cases U12U13
and U13U12 were compatible with the requirement of small deviations from the µ − τ symmetry.
Despite this restriction helped reducing the predicted regions of the CP phases, the |mee| values
were restricted to the quasi-degenerate hierarchy, which could be discriminated by future bounds
on m0 coming from Cosmology and 0νββ experiments.
We have shown that the so long investigated TBM pattern can be consistent with the experi-
mental determinations of neutrino mixing angles if some deviations are implemented. In addition,
some information about CP Majorana phases could be obtained in an indirect way from the re-
strictions on these correction parameters. Future improvements in neutrino experiments may help
to discriminate these scenarios and shed light on the underlying flavor structure of the neutrino
sector.
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